Homework 1

Due: September 26, 2025 at 11:59pm
CS 6832: Quantum Cryptography

Questions 2 and 3 of this problem set are based on the paper |arXiv:1210.4359. You are encouraged
to refer to it for guidance if you get stuck, but your answers must be in your own words.

1. Entanglement.
Let |®T1) = %(|OO> + |11)). The Z (or computational) basis for a single qubit is {|0),|1)}
and the X (or Hadamard) basis is {|+),|—)}.

(a) (2 Points) Prove |®*) is the only two-qubit state such that, when both qubits are
measured in the same basis (either Z or X), the measurement outcomes are always
equal.

(b) (2 Points) Prove there is no three-qubit state |¢) ,gc such that, when A, B, and C
are measured in the same basis (either Z or X), the measurement outcomes are always
equal.

(c) (2 Points) Let |¢))pgc be a three-qubit state such that, when A and B are measured
in the same basis (either Z or X), the measurement outcomes are always equal. Prove
that the state can be written [1)) sgc = |2 )ag ® @) for some |¢).


https://arxiv.org/abs/1210.4359

2. Properties of the Operator Norm.

Given a Hilbert space H, we denote the set of linear operators on that space as L(H). We
denote the Schatten oo-norm (or the operator norm) as || X||. The following is a useful fact
about the operator norm of diagonal block matrices.

Fact 1. Let X1, Xo,..., X, € L(H) and X be the n X n diagonal block matriz

X, 0 - 0
0 Xy -+ 0
X=1. . )
0 0o - X,

Then || X|| = max; || X;]|.

(a) (1 Points) Prove that XTX > V1Y implies ZIXTXZ > Z1Y1Y Z for X,Y,Z € L(H).
(b) (2 Points) Let X,Y € L£L(H) where XTX > Y1Y. Prove that || XZ|| > ||V Z|| for all
Z e L(H).
(c) (3 Points) Let {P;}"_; be orthogonal projectors (i.e., P? = P; and P;r = P;). Consider
the block matrix P defined as
Py
Py
P=|.
b,
Prove that |[YJ_, Byl = [|PTP] = | PPT].
(d) (4 Points) Let (G, o) be a group of order n. For this part, we think of the projectors
P; as being indexed by elements of G, i.e., {P}]" | = {P;}icc.
Show that PP = > ke Dr, where for each 4,7,k € G, the (4, j)-th block of Dy, is

(PP ifiok=]
(Di)ij = { 0 otherwise.

Prove that for all k, || Dy || = max; || P; Pio||. Conclude that >, P;|| < >, max; || P Piog||.



3. Monogamy of Entanglement.

In this problem, we will prove the optimal win probability for a A-qubit monogamy of entan-
glement game. The game consists of Player A’s measurement projectors {‘x9><x9‘}x796 (0,1}

(where ‘m9> = H% |z1) ® ... ® H%|z))). A strategy S for this game consists of a tri-
partite state |1)) gc along with Player B and C’s orthogonal projectors {Bg}y79€{071}x and

{02}2,96{0,1}>"
Our goal is to prove that for any A € N\ {0},

Pr[S wi ]<<1+ ! >A
max r WINns - — .
S “\2 2v2

Recall from the lecture that for a given strategy S,

PrS wins = or S (I,

0e{0,1}*
where I = 2 ze{o1}> |29)(2?| ® BY ® CY.

(a) (3 Points) Using (2d), show that

1
max Pr|S wins| < — max  ||TIII?%k
ox PriS wins] < 57 D max | H
ke{0,1}*

where 0 @ k indicates bitwise xor between the A-bit strings.

(b) (4 Points) Let |29)zf|, = <®i:ki:1 ]w?)(xf’\Al) @ (1,0 In;) be the projector given
by “ignoring” the zero indices of k € {0,1}*. For example, if A = 4 then

0 0 0 0.
20101 X211 ] = T @ |252)a5?| ® T ® |2 Kl
Note that [z{}z%| > |29)(2?| for all k € {0,1}*.

For 0,k € {0,1}*, we define

BY = Z |20l B ® Ic  and Cf = Z |x2@k>(x2@k] ® Ig @ CIP*

Prove that ||[TI°TT?®*||2 < |BCYBY|| = 27 Ikl where |k| = |{i : k; # 0}| is the Hamming
weight of k.

A
(c¢) (2 Points) Using (3a) and (3b), show that maxs Pr[S wins| < (% + #) .



